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VISIBILITY AND RANK ONE IN HOMOGENEOUS
SPACES OFK < 0

MARIA J. DRUETTA

ABSTRACT. In this paper we study relationships between the visibility axiom and
rank one in homogeneous spaces of nonpositive curvature. We obtain a complete
classification (in terms of rank) of simply connected homogeneous spaces of non-
positive curvature and dimension < 4. We provide examples, in every dim > 4, of
simply connected, irreducible homogeneous spaces (K < 0) which are neither visibil-
ity manifolds nor symmetric spaces.

Introduction. This paper was motived by the following question: What relations
are there between the visibility axiom and rank one in homogeneous spaces of
nonpositive curvature? We give a complete answer to this problem in dimension < 4,
which led us to obtain a complete classification (in terms of rank) of simply
connected homogeneous spaces of nonpositive curvature and dimension < 4. We
were also interested in knowing if a simply connected and irreducible homogeneous
space of nonpositve curvature was necessarily a visibility manifold or a symmetric
space of noncompact type. We provide examples showing that the above is not true
in general.

Since a riemannian homogeneous manifold H of sectional curvature K < 0 admits
a simply transitive and solvable Lie group of isometries, it can be represented as a
solvable Lie group G with a left invariant metric of nonpositive curvature, and the
relations and examples mentioned above are investigated in this context. We recall
that the Lie groups G endowed with left invariant metrics of nonpositive curvature
satisfying visibility were characterized in [4, Theorem 2.3 and Corollary 2:3], where it
is proved that visibility is equivalent to the existence on G of a left invariant metric
of negative curvature.

The organization of the paper is as follows. In §1 we describe the space of parallel
Jacobi fields along a one-parameter subgroup of G which is a geodesic in terms of
algebraic conditions on the Lie algebra g of G (Theorem 1.4).

In §2, relationships between visibility and rank one are obtained. If [g, g] is
abelian and has codimension one in g, visibility and rank one are equivalent. In
dimension < 4, visibility implies rank one (Theorems 2.4 and 2.6). We improve a
result obtained in [4, Theorem 2.3] related to the characterization of the Lie groups

Received by the editors November 8, 1985 and, in revised form, August 14, 1986.
1980 Mathematics Subject Classification (1985 Revision). Primary 53C30; Secondary 53C25.
Key words and phrases. Homogeneous spaces, visibility manifolds, rank.

©1987 American Mathematical Society
0002-9947 /87 $1.00 + $.25 per page

307



308 M. J. DRUETTA

with left invariant metrics of nonpositive curvature satisfying visibility (Theorem
2.2).

§3 is devoted to examples which complement the results stated above (§2). We
exhibit in every dim > 4 examples of rank one simply connected homogeneous
spaces which are not visibility manifolds. Moreover these spaces are irreducible and
not symmetric.

Finally, in §4 we classify the simply connected homogeneous spaces H of
nonpositive curvature and dim H < 4: either H has rank one or H is isometric to
RX T2 RXT3 R XT? H?>X T? where T? is a rank one homogeneous space
of dimension three satisfying visibility and H?, T? are two-dimensional spaces of
constant negative curvature (Theorem 4.2). In particular if H is an irreducible
homogeneous space of nonpositive curvature and rank > 2, it must then have
dimension > 5 (Corollary 4.4).

Preliminaries. Let M be a complete, simply connected riemannian manifold of
nonpositive curvature (K < 0). M satisfies the visibility axiom if given p in M and
e > 0 there exists a number r = r( p, €) > 0 such that if o: [a, b] > M is a geodesic
segment satisfying d(p,o) > r then £,(0(a),0(b)) < & where £ denotes the angle
subteaded at p by o(a) and a(b), and d is the intrinsic distance induced by the
metric in M. Such an M is a visibility manifold.

If v is a unit speed geodesic in M, JYP will denote the space of all parallel Jacobi
fields along y and rank(y) is defined to be the dimension of the vector space Jy” . Let
Jy” . be the subspace of Jf of all parallel Jacobi fields which are orthogonal on y. It
is clear that J” = Ry’ ® J. and hence rank(y) = 1 + dim J",. We recall that a
parallel vector field J along a geodesic y is a Jacobi field if and only if
K(J(t).y'(¢)) = 0 for all ¢ in R; this is immediate since for each p in M the linear
operator in T,M, X = R(X,Y)Y is symmetric and negative semidefinite (R de-
notes the curvature tensor).

The minimum of rank(y) over all geodesics y of M is called the rank of M and
denoted by rank(M). (This definition was introduced in [2].) Clearly 1 < rank(M)
<dimM and M is flat if and only rank(M) = dim M. It also follows that
rank( M, X M,) = rank(M,) + rank(M,) and it is important that the definition of
rank( M ) above coincides with the usual one if M is a symmetric space. In fact, let G
be a noncompact semisimple Lie group with center finite and 7 a maximal compact
subgroup of G such that M = G/T. Let g =t ® p be the Cartan decomposition of
q relative to t and a an abelian maximal subspace of p; p may be identified with
the tangent space to M at p = eT and for all X, Y orthonormal in p, K(X,Y) =
([X.Y), Y], X) where ( , ) is a metric in D that in the irreducible case is up to a
positive constant the Killing form on g restricted to b. Then if y(1) = (exptX) T is
the geodesic in M with y'(0)= X (X € b) Jy” coincides with %,( X), the centralizer
of X in p; hence rank(M) will be the minimum of dim%,(X) with X in p. Since
dim%,(X) > dima for all X in p, by choosing Z in a such that €,(Z) = a (for
instance a regular element in a) it follows that rank(M ) defined as above coincides
with dim a, which is the usual one in a symmetric space (see [7)).
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H will denote a simply connected homogeneous riemannian manifold of nonposi-
tive curvature (K < 0). Since H is homogeneous rank(H) is the minimum of
rank(y) over all unit speed geodesic y of H such that y(0) = p for some p in H. 1f H
has sectional curvature K < 0 then there exists a constant C such that K < C <0,
so H satisfies the visibility (uniform) axiom (see [S]) and it follows also that H has
rank one.

Since H is homogeneous, it admits a simply transitive solvable group of isome-
tries, hence H is isometric to a solvable Lie group with a left invariant metric of
nonpositive curvature.

Given a Lie group G with Lie algebra g and left invariant metric { , ) (that is for
all g in G the left translations Lg: G — G, x — gx are isometries) we recall that if
X.Y,Z € g then the riemannian connection 'V is given by

NvyY,Z) =([X,Y], Z) =([Y, Z]. X} +([Z, X]. ¥),

V. ¢ = g is skew-symmetric and satisfies V Y — v, X = [ X, Y] (torsion free).

Set U(X,Y) = (ady)*Y + (ad,)*X where (ad ,)* denotes the adjoint transfor-
mation of ad,, then 2v,Y =ad,Y — U(X,Y) and the sectional curvature K
reduces to

X A YIPK(X,Y) = (R(X.Y)Y, X)
= HU(X.Y) [ = KUK, X),U(Y.Y))
S0 - KX YL Y] X
~5(([Y. X1, X].Y) where R(X,Y)=[Vy,Vy] = V(xy

A subalgebra a of g is said to be totally geodesic if X,Y € a implies VY € a.
The connected Lie subgroup A with Lie algebra a is a totally geodesic submanifold
of G. Observe that 4 = exp(a) where exp: g — G is the exponential mapping of G.
If a is an abelian and totally geodesic subalgebra of g then v,Y =0 for all
X.,Y € a. Theorem 5.2 of [1] shows that if g is solvable then a, the orthogonal
complement of [g, g] in g, is an abelian subalgebra and hence totally geodesic since
[a, g¢]is an ideal of g.

For details on the subject the reader is referred to [1, 2, 5, 6].

1. Parallel Jacobi vector fields. Let G be a Lie group of dimension n and g be its
Lie algebra. Let ( , ) be a left invariant metric on G and { X,,..., X,} be an
orthonormal basis for g.

If vy is a unit speed geodesic in G and J is a Jacobi vector field along vy, then J is
a solution of the Jacobi equation

v, (v, J) = R(y.J)y =0.
If f, are the components of J with respect to the basis { X;}7_,, then J(¢) =
(dL, ) .(X(1)) where X(r) = L]_, fi(1) X,.
We recall that not every geodesic starting at the identity in G can be written

y(t) = exptZ for some Z € g. However such one-parameter curves are geodesics if
Z € [g,a]*, the orthogonal complement of [g, g]in g.
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For y(t) = exptZ the Jacobi equation becomes

n

L ASO X+ 20X + [(1)[v(9,X) - R(Z, X)) Z]} = 0.

i=1
Furthermore from the curvature formula and the facts v,Z = 0, v torsion free,
we obtain

VA(V,X) —R(Z,X)Z=v,(V,X,) — VZ(VX,Z) +Viz.x,Z

=VAZ X+ V5, Z=29,x,Z + [z.[z.x]] = -U([Z. x]. Z).

Therefore the Jacobi equation along y simplifies to

n

(1) > {f.'”(f)X,- +2f(1)v,X - f()Uu(Z,[ 2, X,-])} =0 forall¢.

=1

If moreover J is a parallel field, that is v..J = 0, we get

n

(2) Y Af()X +f(1)v,X,} =0 foralls.

i=1
Using the linearity of v, and U(Z, [Z, ]) the above equations in g are
equivalent to

(1) X"(t)+2v,X'(t)-U(Z,[Z, Xx(¢)]) =0,
(2’) X'(t)+v,X(t)=0.
Differentiating (2’) and substituting it in (1) it follows that J is a parallel Jacobi
field if and only if
(3) X'(t)+v,X(t)=0, v,X'(¢t)-U(Z[Z, X(¢)]) = 0.
Let 4 and B be the n X n matrices for ad , and U, = U(Z, ), respectively, with

respect to a given basis for g and S = (4 — B) thematrix for v,. If f = (f1,..., f,)
are the coordinates of X then (3) is equivalent to

(3’) f'+Sf=0, Sf’— BAf=0.
The following lemma gives us a useful formula for the sectional curvature.

LEMMA 1.1. If X and Z are orthonormal vectors in g and y(t) = exptZ is a
geodesic, then

K(X,Z)=-((v}+ Uyoad,) X, X).
PrOOF. From the sectional curvature formula
K(X.Z) = U, X|" = lad, X[ - $(ad} X, X) + $(ad, X,2d} Z)
= HU, X" = 3lad, X[" - 1(ad} X, X)
+4i(ad, X,U,X) — i(ad, X,ad% X)

= }|U,X|" - 3lad, X|" ~ (ad% X, X) + 1(ad, X, U, X)

HU,X —ad, X|° —|ad, X|* = (ad% X, X) + (ad, X, U, X)

Il

v, X" —lad, X|" = (ad% X, X} + (U oad,) X, X)
~((v2+ ad%oad, + adl — Ufead,) X, X).

Il
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Since 2v, = ad, — U, then
vZ+(ad% — Uf)ead, + adk = V2 + 2vFoad, + ad%
=vV:-2v,cad, + ady =v2+ Uycad,
and the lemma follows.

REMARK 1.2. If the metric has K < 0 and X, Z are linearly independent in g such
that [X, Z] = 0 it follows from the previous lemma that |v,X|?> = 0. Hence by
using (3) we get that J(¢) = (dL,,)), - X is a parallel Jacobi field along y(¢) = exp(Z
with J(0) =

In the sequel G will denote a solvable Lie group of dimension n with a left
invariant metric of sectional curvature K < 0. We give next a description of the
parallel Jacobi fields along the geodesic y(#) = exptZ in terms of the Lie algebra g
of G.

LEMMA 1.3. Let J(t) = (dL,,). - X(t), X(t) € g. J(t) is a parallel Jacobi field
along v if and only if X(t) satisfies

(5) X'(1)+v,X(1) =0, (v2+ Uyeoad,)X(r) =0,
or, equivalently, in the matricial form f satisfies
(5) f(e) +8f(t) =0, (8*+ BA)f(1)=0.

PROOF. Assume J is a parallel Jacobi field. Then X satisfies (3); hence by
applying v, to the first equation we get V,X' 4+ vZX=0 and -Vv2X —
U,oad, X = 0. To prove the converse from (5) and Lemma 1.1, J is parallel and
K(J(¢),y'(r)) = 0 for all #; consequently J is a parallel Jacobi field along .

In the sequel, we will not distinguish between the matrices 4, B, S and the
operators they represent. We observe that the solution of the equation X’ + SX =0
such that X(0) = X is given by X(¢) = (exp —tS)X where exp denotes the usual
exponential map (or matrix), exp T = X%_,T"/n!.

THEOREM 1.4. Let J(t) = (dL,,)), - X(t) where y(t) = exptZ.

(i) If J is a parallel Jacobi field along y then X(t) = (exp -tS)X and X satisfies
(S? + BA)S'X = 0 for all integers i > 0.

(i) Conversely, if X € g satisfies (S* + BA)S'X = 0 for any integer i > 0, then
X(t) = (exp —tS) X gives the parallel Jacobi field J along vy with J(0) =

PROOF. Assume that J is a parallel Jacobi field. Then by Lemma 1.3 X(¢) =
(exp-1S)X with X € g, and (S? + BA)(exp -tS)X = 0 for all ¢ € R; taking de-
rivatives of order i at 7 = 0 it follows that (S? + BA4)S'X = 0 for any integer i > 0.

To prove (ii) we observe first that from (S? + BA) X = 0 we obtain

(S?+ BA)(exp-tS) X = (exp -tS)S*X + BA(exp —tS) X = [ BA,exp -1S] X,
and [BA, S'] X = (S? + BA)S'X for any integer i > 0. Then

(S?+ BA)(exp-tS) X = [BA,exp -1S] X

Z & 1)t[BA Sx = Z (- ‘)t(S2+BA)SX

i=0 ! i=0
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and consequently (S* + BA)S'X = 0 for all i > 0 implies that
(S>+ BA)(exp-tS)X =0 forallt < R.

Now (ii) follows by applying Lemma 1.3.
If J2 denotes the space of parallel Jacobi fields along exp ¢Z, we have

COROLLARY 1.5. JZ is isomorphic to the S-invariant subspace of g defined by
p={(Xe€q: (§5'+BA)S'X=0, i=0,...,n}. In particular 1 < dimJ} < n —
rank(S? + BA).

PROOF. Since any parallel Jacobi field J is completely determined by J(0), it
follows from Theorem 1.4 that JJ is isomorphic to the subspace of g defined by
(S? + BA)S'X = 0 for any integer i > 0. We only need to show that this subspace
coincides with p. In fact, since the subset of g, {S'X: i=0,...,n} is linearly
dependent. there exists a nontrivial linear combination X7 ;a,S'X = 0. If r =
max{i: a, # 0} then S'X = /- b,S'X, r < n, and an easy computation shows that
(S+ BA)S'X =0, i=0,...,r, implies (S* + BA)S'X = 0 for any integer i > 0.
Since p is clearly invariant under S, the corollary follows.

REMARK 1.6. When Z € q, the orthogonal complement of ¢" = [g, g]in g, exptZ
is geodesic. and since a is abelian it follows from Remark 1.2 that

Ji=a+{Xeq:(S*+BA)S'X=0,i=0,...,dimg"}
and hence
dimJ} = dima + dim{ X € ¢": (S + BA)S'X=0,i=0,....dimg"}

Note that in this case, B = (ad,)* S is the skew-symmetric part of ad,, and
S2+ BA is a symmetric and positive semidefinite operator on g’, such that
~{(S?+ BA)X. X) = K(X, Z).

2. Visibility and rank one. In this section we assume G is a solvable and simply
connected Lie group with a left invariant metric { , ) of sectional curvature K < 0
and Lie algebra g = g’ ® Re|, e, a unit vector in g’*, the orthogonal complement
of g’ in g. z will denote the center of g’ (z # 0 since g’ is nilpotent) and
D = !(ad ., T ad?) the symmetric part of ad, | - with respect to the metric (, ).

PROPOSITION 2.1. D is positive semidefinite; that is (DX, X) > 0 (or < 0) for any
Xin g’

PROOF. We observe first that for Z, X in ¢ (U(Z, X), e,y = -2(DZ, X), then

(x) |XAZIK(X.Z)= Hu(z. x) 1q,|2 +(DZ, X)* — (DZ,Z)} DX, X).

Now we will show that if (DZ, Z) = 0 for all Z € z then g’ is abelian and hence
D| . = 0. In fact, under this assumption, by (*) (ad y)*Z |, = 0 for Z in z and X
in q’ since K <0. Hence (Z, [X,Y])=0 for all Z€z, X, Y in g’ and
consequently [¢”, o] is orthogonal to z in g'; if [g’, ¢’] # 0 we get a contradiction
from the fact that - N [g”, '] # 0.
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If there exists Z in z such that (DZ,Z) > 0 (or < 0) then (DZ, Z){DX, X)
> tlad% Z|? + (DZ, X)* > 0 (see (x)) implies (DX, X) > 0 (or < 0) for any X in
', finishing the proof.

In [4, Theorem 2.3] we showed that the visibility axiom is equivalent to D being
positive definite on z, but actually we can say more.

THEOREM 2.2. If G satisfies visibility then D is definite on g’

PROOF. We assume g = g’ + Re; with e, a unit vector in g’* such that D is
positive semidefinite.

For e > Olet (g,,{, )) be the Lie algebra with an inner product which is the same
as the one in g and Lie bracket [ , ], defined by

[X,Y].=¢[X,Y], [e,, X],=e, X] forall X,Yin g’

We observe that g = g’; D and S, the symmetric and skew-symmetric part of
ad, |, respectively, coincide with D, and S,, the symmetric and skew-symmetric
partof ad, |, respectively.

If K. denotes the sectional curvature in (g, {, )) a straightforward computation
shows

K(X.Y)=eK(X.Y)+(1 - e*)[(DX,Y)> - (DX, X)(DY,Y)],
K.(X,e;)=-(D*+[D,S])X,X) forany X,Y in g’.

Let {e,e,....,e,} be an orthonormal basis for g. The structure constants «a, ; (¢)
defined by [e;, e,], = X} _,a,,(¢e)e, tend to well-defined limits as ¢ — 0. Thus we
obtain a limit algebra g, whose g; is abelian and with prescribed metric { , ). It
follows by continuity that K, the sectional curvature associated to g, is nonposi-

tive. In fact, if X, Y € g/,
K (X,Y)= lin:) K(X,Y)=(DX,Y)* - (DX, X)DY,Y) <0

since D is positive semidefinite on g’, and
Ky(X,e;) = lim K.(X,e,) = K(X,e;) <O.
e—0

Take an arbitrary two-dimensional subspace IT = {aX + Be, Y} of g, where X
and Y are orthonormal vectors of g’ and a® + 8% = 1. One computes

Ko(aX + Be;,Y) = a’Ko(X,Y) + B?Ky(e,, Y) — 2aB{Ry(X,Y)e,,Y).

Since gy is abelian, (R (X, Y)e,,Y) = 0 and consequently K, < 0.

By hypothesis G satisfies visibility. Then [4, Theorem 2.3] ensures that ad, | has
all eigenvalues with nonzero real parts. From ad 0|, = ad, |, (a5 = g) it follows
also by [4, Theorem 2.3] that (g,,( , )) satisfies visibility and hence (again [4,
Theorem 2.3]) D, is definite on g = g’ since gy is abelian; this implies D is
definite on g’ (D, = lim__, , D, = D).

COROLLARY 2.3. Let G be a solvable Lie group with a left invariant metric of K < 0.
G satisfies visibility if and only if 3'* = Re,, e, a unit vector and D, the symmetric
part of ad, | is definite on g'. (Compare with (4, Theorem 2.3).)
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The following theorems gives us a relation between visibility axiom and rank one.

THEOREM 2.4. (1) If G has rank one and o’ has codimension one in g then G satisfies
visibility. (11) If q’ is abelian and G satisfies visibility then G has rank one.

PROOF. (i) Assume the visibility axiom fails in G. Since [G, G], the connected Lie
subgroup of G, with Lie algebra g’ has codimension one in G it follows from [4,
Theorem 3.1] that G is isometric to a Riemannian product R* X T with k > 0 and T
satisfying visibility; hence G has rank at least two.

(i) If G satisfies visibility then g = g’ + Re, where e, is a unit vector in g’*
such that D is positive definite (Corollary 2.3). We observe that there exists a unit
vector X in g’ such that K(X,e;) < 0. In fact, if that fails, the Ricci curvature in
the e, direction is zero; hence ad, is skew-symmetric and D = 0 (see [8, Lemma
2.3]) contradicting visibility. We next show that K(X, Z) < 0 for all Z € g inde-
pendent of X. In fact, for all Y orthonormal with X in g, K(X,Y) = (DX, Y>2 —
(DX, X){DY,Y) <0 (D is positive definite). Then, since g’ is abelian
(1 + BHK(X,Y + Be))= K(X,Y)+ B’K(X,e;) <O.

Therefore, there is no parallel Jacobi field J orthogonal on the geodesic y in G
such that y(0) = e, ¥'(0) = X (in this case K( X, J(0)) = 0); consequently dim JYP =1
and G has rank one.

COROLLARY 2.5. If g’ is abelian and it has codimension one in g then visibility,
rank one and without de Rham flat factor are equivalent in G.

PROOF. That visibility and rank one are equivalent is immediate from Theorem
2.4. If G has rank one it is clear that G is without flat factor in the de Rham
decomposition, and if rank one (or visibility) fails in G then by [4, Theorem 3.1] G
admits de Rham flat factor.

THEOREM 2.6. Let G be a solvable Lie group with a left invariant metric of sectional
curvature K < 0. If dimG < 4 and G satisfies visibility then rank(G) = 1.

PrROOF. We may assume that dimG = 4 and g’ is nonabelian, since otherwise g’
is abelian and the result follows from Theorem 2.4.

Let g = g’ + Re, with g’ nonabelian and e, a unit vector in g’* such that D is
positive definite. Hence dim g’ = 3 and z = Re, with e, a unit vector in g’. Since
det(ad,, |, ) # O (otherwise visibility fails), ad (z 1) is a two-dimensional subspace
of g’ such that ad, (z 1)y Nz # 0. Then there exists an orthonormal basis of g’,
{e,,¢€,,8,}, such that

[e,.e,] = ae,, [e,.e;] =ae,+ Bey, [ey,e,] = be, + ye; + de,.

(*) with ¢ > 0, « > 0, § > 0. We will show next that dim Je’l’ = 1 and consequently
G has rank one. We remark first that in general, under the visibility assumption
there is no X # 0 in g’ such that (S? + BA)X =0 and SX = 0. In fact, these
conditions together imply |4X|*> = (BAX, X) =0 and DX = [e;, X] = 0 which
contradicts visibility. As a consequence, since ( X, SX) = 0 it follows, from Remark
1.6, that Je’li being S-invariant cannot be one dimensional. (Jefl denotes the space of
all parallel Jacobi fields which are orthogonal on exp fe;.)
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Let 4, B and S be the matrices for ad, |, ad?¥

1|g'

315

and the skew-symmetric part of

ad, |, respectively with respect to the basis {e,, e, e,}. Then
0 0 %
a 0 b a 0 0 i
A=|0 o v, B={0 a B|, §=|0 0 72
0 ) b 8
’ ! b By
2 2
and
b, b
4 ta Z(B“Y) ab
2
SZ+BA=§-(,B—‘Y) az_l_'BZ_(B;'Y) (X‘Y+BS
2
ab ay-{-BS %b2+.},2+82_(ﬁ47)

Observe that since the first row of S? + BA is nonzero, rank(S? + BA) > 1.
If rank(S? + BA) =1, it is obvious that b # 0 (compare columns 1 and 2 of
S? + BA). It follows that:
(i) The column space of S* + BA is spanned by

(-b*/4 + a*,b(B —v)/4,ab).

(ii) ker(S? + BA) has dimension two and since S? + BA is symmetric the spaces
R X and ker(S? + BA) are orthogonal complements.

(iii) S has rank four and ker S is spanned by Y = (8 — v, b,0).

Since J‘,’I’L is isomorphic to a subspace of ker(S? + BA) and cannot have dimen-
sion one, then J/. =0 or JP. = ker(S? + BA). In the last case, ker(S® + BA) is
S-invariant (Je’li 1s S-invariant) and consequently SX is a multiple of X. Hence,
SX = 0 (S is skew-symmetric) and X is a multiple of Y, which is impossible since
ab # 0. Therefore J/. = 0 and rank(G) = 1.

If rank(S? + BA) = 2 or 3 then ker(S? + BA) has dimension zero or one and
from the remark above J: . has dimension zero. Hence, Jef has dimension one and
rank(G) = 1.

X =

COROLLARY 2.7. Let H = G/T be a homogeneous space with a G-invariant metric
of nonpositive curvature. If dim H < 4 and H admits a G-invariant metric with
negative curvature then H has rank one.

PROOF. It is immediate from [4, Theorem 2.1] after recalling that H is isometric to
a solvable Lie group with a left invariant metric of nonpositive curvature.

REMARK 2.8. Example 3.3 in §3 provides an example of a Lie group G of
dimension > 4 with a left invariant metric of nonpositive curvature such that G
does not satisfy visibility and rank(G) = 1.
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3. Examples. In this section we provide some examples of Lie algebras with
metrics of nonpositive curvature and their respective ranks. In particular in Example
3.3 we exhibit a family of rank one homogeneous manifolds H not satisfying
visibility. Moreover H is irreducible and not symmetric.

Let g be a Lie algebra with an inner product { , ) such that a, the orthogonal
complement of g’ in g with respect to { , ) is abelian. If D,, S, denote the
symmetric and skew-symmetric part of ad | . with H in a, it is an easy computa-
tion, using the connection formula, to show that v,X = S, X, v H = -D, X,
vuK=0forXeg' H, Kea.

The following lemma is very useful.

LEMMA 3.1. If ¢’ is abelian and ad | . is symmetric with respect to ( , ) for all
H € a, then g has sectional curvature K < 0 if and only if K(X,Y) < 0 forall X,Y
in g’

Proor. We observe that v,, =0, v,H = —-[H, X]€ g’, v,Y € a for all X,
Y € q’, H € a. Then, one computes for X,Y € ¢/, H,J € a

R(IX+HY+J)=[Vx . Vyis]— Vix+my+n

=[vx.Vy] - Vix.n1~ Vi
(RIX+ H Y+ J)Y+J), X+ H)={[Vy.Vy]Y, X))+ {({Vy,Vy]J, H)
AVix Yo H) =XV x ). X) = (Viun¥  H) = (Viun/t. X).
But
(V. vy ]V, X) = (R(X,Y)Y, X),
<[VX*VY]J’H> = (V. VxH) +(VyJ,VyH)

~[J.Y)[H. X]) +<[J. X]. [H.Y])
([ad,,ad,]Y, X) =0

since a is abelian, and
AVix )Y HY =V ix s X) = ViunYs HY =V yyds X)
~(Y [H X I + <[ [Xx T]]L X))
(Y. [H.[H.Y]]) +[J.[H. Y]], X)
W[H Y] [1. X)) = (7. XL [J, XD = ([H.Y].[H.Y])

H, Y] -1, x])

Then

(R(IX+H,Y+J)NY+J), X+ H)=(R(X,Y)Y,X)—|[H.Y] —[J,X]I2
and consequently the lemma follows.

REMARK 3.2. If {ad | : H € a} are symmetric and there exists an orthonormal
basis { H,, ..., H,} of a such that ad,, is semidefinite, then Lemma 3.1 provides
examples of Lie algebras g of sectional curvature K < 0. In fact, let D, denote D, ,
i=1,.... k. Then, since for X, Y in g’

k k
Z U(X.Y),HYH,= -2 Y (D,X,Y)H,,

= i=1
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it follows from the curvature formula that for X, Y orthonormal in g’
1
K(X.Y) = FUXY)[ = CU(X. X). U(Y.Y))

k
= ¥ ((DX.YY - (DX, X)(DY,Y)) <0.
i=1
ExAMPLE 3.3. Let g be the Lie algebra generated by {e,....e,,€,.1,---5 €.k}
n > k > 2, and Lie bracket

[ei’ej]'__os i,j=1,...,n,
[en+i’en+j]=0* isj=1,...,k,

[en+i’ej] = a;"ej’

i=1,....k, j=1,...,n,

where a/ > 0 are chosen such that det(a});ﬁ 0, i, j=1,...,k, and for each
j=k+1,...,n, the vector (af,...,a}) is nonzero, hence g’ is spanned by
{e,--..e,}. Let (, ) be the inner product on g such that (e, e;) =8¢, i,j =

l,....n+ k. If He€ a, H=1X%_,(H,e,,); one computes

n+j

k k
ad(e,) = ( Z <H’en+j>aji')ei = <H’ Zl aji‘en+j> €;.
Jj=1 j=
Then ad,(e,) = \,(H)e; with N(H)=(H, H) and H, =Xk dle,,,,
1,..., k. Consequently {ad,|,: H € a} are symmetric with respect to the metric
(»).{ad, I+ j=1,...,k} are positive semidefinite and from Remark 3.2 g has
sectional curvature K < 0.
We observe that since { H,}_, are independent, A\;,(H) =0 for all i =1,...,k
implies H = 0. Hence if X = X/_,a,e; is a unit vector in g’ with «, # 0 for all
i =1,...,n, then from the curvature formulas given in Lemma 3.1 and Remark 3.2,

i=

\HPK(X,H) = -|[H,X]|"'=- Y «>\,(H)*<0 forall H€qa,
i=1

K(X,Y) < O0forall Y € g’ independent of X, and up to a positive constant,

K(X,Y+H)=|XAY'K(X,Y)+|H’K(X,Y) <0 forall H€ a.

Therefore, the only parallel Jacobi field on the geodesic y in G with y(0) = e,
v’(0) = X is v’, and consequently rank(G) = 1, where G is the simply connected Lie
group associated to (g,( , )). Moreover, since dima > 2, G does not satisfy
visibility, it is irreducible and it is not symmetric since there are planes with zero
curvature.

ExaMPLE 3.4. Let g be a nonabelian Lie algebra of dimension » such that g’ is
one dimensional and let ( , ) be an inner product in g. If a, the orthogonal
complement of g’ is abelian then the associated Lie group G to (g,( , )) has
sectional curvature K < 0 and rank(G) = n — 1.

Set g’ = Re, with e, a unit vector and let {e,,...,e,} be an orthonormal basis
for a. Then the Lie bracket in g is given by

le,e,] =0, i,j=2.....n,

le,,e,] =ae,, i=2,....n.
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Therefore, if H =Y!_,(H, e e, then ad;(e,) = A(H)e, where A(H) = (H, H,)
and H, = X!_,a,e; is a nonzero vector in a. From the curvature formula given in
Lemma 3.1, up to a positive constant, K(ae, + H,Be, + J) = —|BA(H) — aX(J)|?
< Oforall H J€a,a B<€R.

In order to compute rank(G), we will prove that G is isometric to R" % X H?. We
compute vV, e, = 0. v, Hy = -A(Hy)e,, V, e, = Hy, Vy H, = 0; consequently b,
the Lie algebra generated by {e,, H,}, and h* are totally geodesic ideals of g such
that [b, b *] = 0. Then, since h* is abelian, applying Lemma 4.1 (see §4) G is
isometric to the riemannian product of R" 2 and H?, where H? with the induced
metric has sectional curvature K = K(e,, H)) = —|H,y|* Hence rank(G) = n — 1.

4. Homogeneous spaces of K < 0 and dimension < 4.

LEMMA 4.1. Let G be a simply connected Lie group with a left invariant metric and
Lie algebra g = t + £, the orthogonal direct sum of an ideal t and a subalgebra t of g
such that ad |, is skew-symmetric for all X € t. If T and K denote the connected Lie
subgroups of G with Lie algebras t and t, respectively, and left invariant metrics
induced by the metric of G, then G is isometric (isomorphic as Lie group) to the
Riemannian product T X , K, the semidirect product of T and K (the action of K on T
is given by o,(t) = ktk™").

Observe that in the case g is the direct sum of ideas t and f, G is the direct
product TK.

PROOF. Since ad : t — t is skew-symmetric for any X € f, Ad(k) = (dg,), are
isometries and K acts on T by isometries. By [3, Proposition 1] the product metric
on T X, K is left invariant. Let f: T X K — G defined by (1,k) > - k. It is
known (see [9, Chapter 3]) that f is an isomorphism of Lie groups. It is also an
isometry since df,, (T X, K) =t + t — g preserves the inner product and both of
the metrics in 7 X, K and G are left invariant.

Observe that if [t, t] = 0 then tk = kt for all t € T, k € K and the last assertion
follows.

THEOREM 4.2. Let G be a solvable and simply connected Lie group with a nonflat left
invariant metric of K < 0 and dimG < 4. Then, either rank(G) = 1 or G is one of the
following riemannian products: G = R X T where T is a two- or three-dimensional Lie
group satisfying visibility and rank(G) = 2,

G = R? X T? rank(G) = 3,

G = H? X T?, rank(G) = 2,
where H*. T? are two-dimensional spaces of constant curvature K < 0. Moreover,
when rank(G) is one, we have that if dimG = 3 rank one and visibility are equivalent
and if dimG = 4, G satisfies visibility or not depending on whether diim g’* = 1 or 2.

PROOE. Let ¢ = g’ + a, a the orthogonal complement of g’ with respect to the
metric ( , ). We consider the following cases:

(1) dim a = 1. Either G satisfies visibility and hence rank(G) = 1 (see Theorem
2.6) or visibility fails in G and by [4, Theorem 3.1] G is isometricto R X T, R* X T
where T is a Lie group with a left invariant metric satisfying visibility (hence
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rank 7 = 1). In case dim T = 2, T is a two-dimensional space of constant curvature
K <.

(2) dim a = 2 or 3. If dim g’ = 1, this situation was studied in Example 3.4 of §3.
Then G =R X H? or R> X H? H? is a space of constant negative curvature, and
rank(G) = 2 or 3, respectively.

Next we consider the case dim g’ = 2 (dim a = 2).

The complexification of g’, g’ decomposes g’“ = gy + Xy .08x where g} =
(Xe g (ady, — AN(H)D)*- X =0 for some k>1 and for all H € a} is the
associated root space for the root A € a" — {0} and ¢’ = X, s a’g Where g/5 = ¢’
N(ay ®ay)if A =a+iB.

We observe that g; = 0; otherwise since 0 is a root of a¢, there exist X # 0 in g’
such that [H, X] = 0 for all H in a implying that X € z(g), the center of g (g’ is
abelian). This contradicts the fact that z(g) is orthogonal to g’ when the metric has
K < 0.

(i) Assume there is a complex root A = a + i3. We remark first that if a(H) =0
for some H € a, then ad | . is skew-symmetric. In fact, since g} and g% are one
dimensional and ad ,-invariant, ad |, ad 4|, are skew-symmetric and it follows
from [1, Lemma 4.3 and Theorem 5.2] that g} and g3 are orthogonal with respect
to the complex inner product induced by ( , ); therefore ad | . is skew-symmetric
(a" =4a"N(gx ® gy)).

We may thus assume a # 0; otherwise from the remark above ad |, is skew-
symmetric for all H € a and consequently K =0 (see [8, Theorem 1.5]). Let
a(H)= (H, Hy) with Hy# 0 in a and let H, be orthogonal to H, in a; then
a(H,) =0 and ad |, 1s skew-symmetric. Moreover, since det(ad ;) = a(Hy)* +
B(Hy)* # 0 then [H,, g’] = a’. Hence, setting t = g’ + RH,, one has that t is a
totally geodesic ideal of g such thatad,;: t — t is skew-symmetric and t" = [t, t] =
a’. It then follows from Lemma 4.1 that G is isometric to the riemannian product
T X R where T is the connected Lie subgroup of G with Lie algebra t. Furthermore
T, with the induced metric satisfies visibility since ad ;; |, = ad |- has all eigenval-
ues with real part a(H,) # 0 (see [4, Theorem 2.3]).

(i1) Assume there is a unique real root A € a* — {0}. In this case ad;; — A(H)1 is
nilpotent for all H € a, and since dimg’ = 2 it follows that for any X € g’
(ad,, — A(H)1)’X =0 forall H € a.

Let A\(H) = (H, Hy) with Hy # 0 in a and let H; be orthogonal to H, in a; we
will see that ad |, =0. In fact, if ¥ =ad, X+ 0 for some X in g’ then
ad, Y= ad%,I X = 0. (by the choice of H,). Since SY = 0(S,Y = v Y =0, see
Remark 1.2) the orthogonal complement of RY in g’ is ad ;, -invariant, and hence

0=< d ,y> - (LX) Y) =|YF

which is a contradiction.

Now, since ¢’ = { X € ¢: (ad;;,, — A(H)1)> - X = 0}, ad |- has A(H,) > 0 as
unique eigenvalue; hence det(ad ; |,/) = A(H,)* > 0 and [H,, ¢'] = ¢’. Setting t =
a’+ RH,, t is a totally geodesic ideal of g since ad, |, = 0, and ad,, |,- has all
eigenvalues A(H,)) > 0.

H., X - (X.Y)
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Then, from Lemma 4.1 G is isometric to the riemannian product T X R where T,
the connected Lie subgroup of G with Lie algebra t and induced metric satisfies
visibility.

(iii) Assume there are two distinct real roots A|, A, in a* — {0}. Then g’ is the
direct sum of g} and g}, where g} = Re;, g}, = Re, with e, e, unit vectors in
a’ such that

[H,e,] =X (H)e,, [H,e;]=A,(H)e, forall HE a.

Suppose A, =cA, c € R and A(H) = (H, Hy) with Hy# 0 in a. If H, is
orthogonal to H, in a then ad, |, = 0 and in the same way as in case (ii) G is
isometric to R X T where T is a Lie subgroup of G satisfying visibility.

Now we suppose A, and A, are independent in a*. If H,, i = 1,2, are chosen in
a such that A,(H)= (H, H,), i = 1,2, then { H;, H,} are independent. Take H in
a such that (H, H;) = 0. Since S,e, =0, the one-dimensional subspace of g’
orthogonal to e, is an eigenspace for ad ;; and hence it coincides with Re,, implying
(e,.e,) = 0. Consequently {ad,|,: H € a} are symmetric. One computes (see
Remark 3.2) K(ey,e,)= -(H,, H,) and hence K(X,Y)= -(H,, H,) for any
orthonormal vectors X, Y in g’

Assume ( H,, H,) # 0. Since for any unit vectors X in ¢’ and H € a

K(X H) = -[[H, X1 = =(M(H) (X + My (H) (X, e2)?),
by choosing X in g’ such that (X,e,> # 0, i = 1,2, one has K(X, H) <0 for all
H < a and K(X,Y) <0 for all Y orthogonal to X in g’. Therefore if y is the
geodesic in G with y(0) = e, y'(0) = X then rank(y) = 1 and G has rank one. Since
dim a = 2, G does not satisfy visibility (see [4, Theorem 2.4]).

Now consider the case (H,, H,) = 0. Then {e,,e,, H;, H,} is an orthogonal
basis for g such that [H,e,] = 0 = [H,,e,]. If t; denotes the Lie subalgebra of g
generated by {e,, H,}, i = 1,2, t, and t, are ideals totally geodesicin g([t,, t,] = 0),
such that g = t, + t, is an orthogonal direct sum. Hence Lemma 4.1 implies that G
is isometric to the riemannian product T; X T, where T; is the connected Lie

1

subgroup of G with Lie algebra t, and the metric in 7, is the one induced by G.
Since K(e,, H,) = —-|H,? it follows that T, is a two-dimensional space of constant
curvature K < 0.

By examining all the cases and from the fact that in dimension < 3 visibility and
rank one are equivalent (Corollary 2.5) Theorem 4.2 follows.

REMARK 4.3. The three-dimensional Lie groups G with left invariant metrics of
K < 0 satisfying visibility are determined by the nonunimodular Lie algebras g of
dimension three (see [8, §6]) given by an orthonormal basis { e, e,, e;} such that

[e,.e5] =0, [eg,e;] =ae, + Bes, [eg,e5] = ve, + des.
with &, B, v. 6 satisfying a > 8 > 0, ay + 88 = 0, 4ad > (B + 8)? and 4(y? + 8?)
> (B-v)"

In fact, one computes K(e,, e;) = ;(B + v)?2 — ad, -K(e.e,)= o’ + B —
B~ y): -K(ene)=7y>+ 8% — L%(B — v)>. Therefore, since -K(ey,e,),
~K(e,.ey) are the eigenvalues of S?+ BA and K(g’')= K(e,,e3) <0, g has
K < 0; clearly g satisfies visibility by observing that D is positive definite.
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COROLLARY 4.4. Let H be a simply connected homogeneous space of nonpositive
curvature and dim H < 4. Then either rank(H) =1 or H is one of the following
riemannian products:

H = R X T, T a rank one homogeneous space satisfying visibility; rank(H) = 2,

H=R?X T?% rank(H) = 3,

H = H?X T2 rank(H) = 2, where T?, H? are two-dimensional spaces of constant
negative curvature.

Moreover, if dim H = 3 then rank one, visibility and without de Rham flat factor
are equivalent. If dim H = 4 and H has no de Rham flat factor then either rank(H)
= 1 or H is the riemannian product of two 2-dimensional spaces of negative curvature
(in whose case H is a symmetric space).

COROLLARY 4.5. Let H be a simply connected homogeneous space of nonpositive
curvature. If H is irreducible then either H has rank one or dim H > 5.

Note that this bound for dim H is the best possible since SL(3,R)/SO(3) is an
irreducible symmetric space of rank two and dimension five.
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