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VISIBILITY AND RANK ONE IN HOMOGENEOUS

SPACES OF K < 0

MARÍA J. DRUETTA

Abstract. In this paper we study relationships between the visibility axiom and

rank one in homogeneous spaces of nonpositive curvature. We obtain a complete

classification (in terms of rank) of simply connected homogeneous spaces of non-

positive curvature and dimension < 4. We provide examples, in every dim > 4, of

simply connected, irreducible homogeneous spaces ( K < 0) which are neither visibil-

ity manifolds nor symmetric spaces.

Introduction. This paper was motived by the following question: What relations

are there between the visibility axiom and rank one in homogeneous spaces of

nonpositive curvature? We give a complete answer to this problem in dimension < 4,

which led us to obtain a complete classification (in terms of rank) of simply

connected homogeneous spaces of nonpositive curvature and dimension < 4. We

were also interested in knowing if a simply connected and irreducible homogeneous

space of nonpositve curvature was necessarily a visibility manifold or a symmetric

space of noncompact type. We provide examples showing that the above is not true

in general.

Since a riemannian homogeneous manifold H of sectional curvature K < 0 admits

a simply transitive and solvable Lie group of isometries, it can be represented as a

solvable Lie group G with a left invariant metric of nonpositive curvature, and the

relations and examples mentioned above are investigated in this context. We recall

that the Lie groups G endowed with left invariant metrics of nonpositive curvature

satisfying visibility were characterized in [4, Theorem 2.3 and Corollary 2.3], where it

is proved that visibility is equivalent to the existence on G of a left invariant metric

of negative curvature.

The organization of the paper is as follows. In §1 we describe the space of parallel

Jacobi fields along a one-parameter subgroup of G which is a geodesic in terms of

algebraic conditions on the Lie algebra g of G (Theorem 1.4).

In §2, relationships between visibility and rank one are obtained. If [g, g] is

abelian and has codimension one in g, visibility and rank one are equivalent. In

dimension < 4, visibility implies rank one (Theorems 2.4 and 2.6). We improve a

result obtained in [4, Theorem 2.3] related to the characterization of the Lie groups
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with left invariant metrics of nonpositive curvature satisfying visibility (Theorem

2.2).

§3 is devoted to examples which complement the results stated above (§2). We

exhibit in every dim ,> 4 examples of rank one simply connected homogeneous

spaces which are not visibility manifolds. Moreover these spaces are irreducible and

not symmetric.

Finally, in §4 we classify the simply connected homogeneous spaces H of

nonpositive curvature and dim H ^ 4: either H has rank one or H is isometric to

R x T2. R x F3, R2 X T2, H2 X T2, where F3 is a rank one homogeneous space

of dimension three satisfying visibility and H2, T2 are two-dimensional spaces of

constant negative curvature (Theorem 4.2). In particular if H is an irreducible

homogeneous space of nonpositive curvature and rank > 2, it must then have

dimension  > 5 (Corollary 4.4).

Preliminaries. Let M be a complete, simply connected riemannian manifold of

nonpositive curvature (K < 0). M satisfies the visibility axiom if given p in M and

£ > 0 there exists a number r = r(p,e) > 0 such that if o: [a, b] -> M is a geodesic

segment satisfying d(p,a) > r then ¿C (o(a), o(b)) < e, where 4 denotes the angle

subtended at p by a(a) and a(b), and d is the intrinsic distance induced by the

metric in M. Such an M is a visibility manifold.

If y is a unit speed geodesic in M, J^ will denote the space of all parallel Jacobi

fields along y and rank(y) is defined to be the dimension of the vector space Jf. Let

Jyp± be the subspace of Jf of all parallel Jacobi fields which are orthogonal on y. It

is clear that Jf = Ry' ffi Jf¡. and hence rank(y) =14- dimJ^ . We recall that a

parallel vector field / along a geodesic y is a Jacobi field if and only if

K(J(t),y'(t)) = 0 for all t in R; this is immediate since for each p in M the linear

operator in TpM, X -* R(X, Y)Y is symmetric and negative semidefinite (R de-

notes the curvature tensor).

The minimum of rank(y) over all geodesies y of M is called the rank of M and

denoted by rank(M). (This definition was introduced in [2].) Clearly 1 ^ rank(M)

< dim M and M is flat if and only rank(M)= dim M. It also follows that

rank(A/, X M2) = rank(M,) + rank(M2) and it is important that the definition of

rank( M ) above coincides with the usual one if M is a symmetric space. In fact, let G

be a noncompact semisimple Lie group with center finite and T a maximal compact

subgroup of G such that M = G/T. Let g = t © p be the Cartan decomposition of

g relative to t and a an abelian maximal subspace of p; p may be identified with

the tangent space to M at p = eT and for all X, y orthonormal in p, K(X, Y) =

([[X, Y], Y], X) where ( , ) is a metric in p that in the irreducible case is up to a

positive constant the Killing form on g restricted to p. Then if y(t) = (exptX) T is

the geodesic in M with y'(0) = X (X e p) /^coincides with ^P(X), the centralizer

of X in p; hence rank(M) will be the minimum of dim'^A') with X in p. Since

dim^,( X) t> dim a for all X in p, by choosing Z in n such that ^(Z) = a (for

instance a regular element in a) it follows that rank(M) defined as above coincides

with dim o, which is the usual one in a symmetric space (see [7]).
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H will denote a simply connected homogeneous riemannian manifold of nonposi-

tive curvature (AT<0). Since H is homogeneous rank(//) is the minimum of

rank(y) over all unit speed geodesic y of H such that y(0) = p for some p in H. If H

has sectional curvature K < 0 then there exists a constant C such that K < C < 0,

so H satisfies the visibility (uniform) axiom (see [5]) and it follows also that H has

rank one.

Since H is homogeneous, it admits a simply transitive solvable group of isome-

tries, hence H is isometric to a solvable Lie group with a left invariant metric of

nonpositive curvature.

Given a Lie group G with Lie algebra g and left invariant metric ( , > (that is for

all g in G the left translations Lg: G -> G, x -> g* are isometries) we recall that if

X, Y, Z g g then the riemannian connection v is given by

2(vxY,Z) = ([X,Y],Z) - <[T,Z],X> + ([Z,X],Y),

Vx: 8 -* 8 is skew-symmetric and satisfies V^F - VyA' = [X, Y] (torsion free).

Set U(X, Y) = (adx)*Y + (adY)*X where (adx)* denotes the adjoint transfor-

mation of ad^, then 2vxY=adxY- U(X,Y) and the sectional curvature K

reduces to

|*A Y\?K(X, Y) = (R(X,Y)Y, X)

= \\U(X,Y)\2 - {(V(X, X),U(Y,Y))

-l\[X,Y]\2-{([[X,Y],Y],X)

-i([[Y,X],X],Y)   where R(X,Y) = [VX,VX]-VIX,Y].

A subalgebra a of g is said to be totally geodesic if X,Y g a implies vxY g a.

The connected Lie subgroup A with Lie algebra a is a totally geodesic submanifold

of G. Observe that A = exp(ct) where exp: g -> G is the exponential mapping of G.

If a is an abelian and totally geodesic subalgebra of g then vxY = 0 for all

X, Y g a. Theorem 5.2 of [1] shows that if g is solvable then a, the orthogonal

complement of [g, g] in g, is an abelian subalgebra and hence totally geodesic since

[g, g] is an ideal of g.

For details on the subject the reader is referred to [1, 2, 5, 6].

1. Parallel Jacobi vector fields. Let G be a Lie group of dimension n and g be its

Lie algebra. Let ( , ) be a left invariant metric on G and {Xv..., X„] be an

orthonormal basis for g.

If y is a unit speed geodesic in G and J is a Jacobi vector field along y, then J is

a solution of the Jacobi equation

VY(vyJ)-R(y',J)y' = 0.

If /, are the components of J with respect to the basis [Xi}"=x, then Jit) =

idLyil))eiXit)) where *(r) = r^xfit)X,.

We recall that not every geodesic starting at the identity in G can be written

y(t) = exptZ for some Z G g. However such one-parameter curves are geodesies if

Z g [ g, g ] x , the orthogonal complement of [ g, g ] in g.
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For y it) = exprZ the Jacobi equation becomes

¿ {fi"(t)Xi + 2fi'it)vzXi + fiit)[vzivzXi)-RiZ,Xi)Z]}=0.
/ = i

Furthermore from the curvature formula and the facts VZZ = 0, V torsion free,

we obtain

vz(vzx,) - R(z, x,)z = vz(vzx,) - vz(v*z) + V[z,^jZ

= VZ[Z, X,] + V[Z,^Z = 2V[Z,^,Z + [Z, [Z, X,]] = -U([Z, X,], Z).

Therefore the Jacobi equation along y simplifies to

(1) i {fi'V)X, + 2f;(t)vzXi-fi(t)U(Z,[Z,X,])}=0   for allí.

If moreover J is a parallel field, that is vy>J = 0, we get

(2) t  {/,'(')*,+/,(0vz*,}=0    for all/,
i-i

Using the linearity of  Vz  and  U(Z, [Z,   ]) the above equations in   g   are

equivalent to

(1') X"(t) + 2vzX'(t) - U(Z, [Z, X(t)]) = 0,

(2') X'it) + vzX(t) = 0.

Differentiating (2') and substituting it in (1') it follows that J is a parallel Jacobi

field if and only if

(3) X'it) + vzXit) = 0,    vzX'it)-UiZ,[Z,Xit)]) = 0.

Let A and B be the n X n matrices for ad z and Uz = í/( Z,   ), respectively, with

respect to a given basis for g and S = \(A - B) the matrix for vz. If / = (/,,.. .,/„)

are the coordinates of X then (3) is equivalent to

(3') f' + Sf=0,    Sf'-BAf=0.
The following lemma gives us a useful formula for the sectional curvature.

Lemma 1.1.  If X and Z are orthonormal vectors in  g and y(t)= exptZ is a

geodesic, then

K(X,Z) = -<(v|+ Uz°adz)X, X).

Proof. From the sectional curvature formula

K(X,Z) = }¡\UZX\2 - l\adzX\2 - \(ad\X,X) + \(adzX,ad*xZ)

= \\UZX\2 - \\adzX\2 - \(ad2zX,X)

4- i<adz X, UZX) - 4<adz X, adz X)

= \\UZX\2 -\\adzX\2 - <ad2zA-, X) + {(adzX,UzX)

= k\UzX- adzA'|2-|adzX|2- (ad2zX,X) + (ad7X,UzX)

= \V7X\2 -\adzX\2 - (ad2zX,X) + ((Uz* °adz) X, X)

= -<(vj + ad|°adz+ ad2z - Uz* °adz)X, X).
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Since 2vz = ad z - Uz then

Vj +(ad£ - Í7z*)°adz + ad?, = vj + 2v|°adz4- ad2z

= v| — 2vz°adz 4- adz = vj + Uz°adz

and the lemma follows.

Remark 1.2. If the metric has K ^ 0 and X, Z are linearly independent in g such

that [X, Z] = 0 it follows from the previous lemma that |VzAr|2 = 0. Hence by

using (3) we get that Jit) = (dLy(t))e ■ X is a parallel Jacobi field along y(t) = exptZ

with J(0) = X.

In the sequel G will denote a solvable Lie group of dimension n with a left

invariant metric of sectional curvature K < 0. We give next a description of the

parallel Jacobi fields along the geodesic y(r) = exptZ in terms of the Lie algebra g

of G.

Lemma 1.3. Let J(t) = (dLyU))e • AT/), X(t) g g. J(t) is a parallel Jacobi field

along y if and only if X(t) satisfies

(5) A'(0 + VZA(0 = 0,    (vJ+i/z°adz)A-(0 = 0,

or, equivalently, in the matricial form f satisfies

(5') f'it) + Sfit) = 0,    iS2 + BA)f(t) = 0.

Proof. Assume J is a parallel Jacobi field. Then X satisfies (3); hence by

applying vz to the first equation we get VzA' 4- VZX = 0 and -vjA" -

i7z°adz X = 0. To prove the converse from (5) and Lemma 1.1, J is parallel and

K(J(t), y'(t)) = 0 for all t; consequently/ is a parallel Jacobi field along y.

In the sequel, we will not distinguish between the matrices A, B, S and the

operators they represent. We observe that the solution of the equation X' 4- S'A = 0

such that A^(0) = X is given by X(t) = (exp -tS)X where exp denotes the usual

exponential map (or matrix), exp T = Y.n°=0T"/n\.

Theorem 1.4. Let J(t) = (dLy{l))e ■ X(t) where y(t) = exptZ.

(i) If J is a parallel Jacobi field along y then X(t) = (exp -tS)X and X satisfies

(S2 + BA)S'X = 0 for all integers i > 0.

(ii) Conversely, if X G g satisfies (S2 + BA)S'X = 0 for any integer i > 0, then

X(t) = (exp -tS)X gives the parallel J acobi field J along y with J(0) = X.

Proof. Assume that J is a parallel Jacobi field. Then by Lemma 1.3 X(t) =

(exp -tS)X with X g g, and (S2 + BA)(exp -tS)X = 0 for all t g R; taking de-

rivatives of order i" at t = 0 it follows that (S2 + BA)S'X = 0 for any integer i > 0.

To prove (ii) we observe first that from (S2 + BA)X = 0 we obtain

(S2 + BA)(exp -tS)X = (exp-/S)5'2A+ BA(exp-tS)X = [BA, exp -tS] A,

and [BA, S']X = (S2 + BA)S'X for any integer i > 0. Then

(S2 + BA)(exp -tS) X = [BA,exp-tS]X

= E  LJ7Lt'[BA,S,]X= Z  ~-f(S2 + BA)S'X
i=o     '• i=0     '•
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and consequently (S2 + BA)S'X = 0 for ail i > 0 implies that

(S2 + BA)(exp-tS)X= 0    for ail , g R.

Now (ii) follows by applying Lemma 1.3.

If Jz' denotes the space of parallel Jacobi fields along exp rZ, we have

Corollary 1.5. Jz is isomorphic to the S-invariant subspace of g defined by

p = ( A G g: (S2 + BA)S'X =0, i = 0,..., n ). In particular 1 < dim J/ < n -

rank(S2 + BA).

Proof. Since any parallel Jacobi field J is completely determined by J(0), it

follows from Theorem 1.4 that Jz is isomorphic to the subspace of g defined by

(S2 + BA)S'X = 0 for any integer i > 0. We only need to show that this subspace

coincides with p. In fact, since the subset of g, {S'X: i = 0,...,«} is linearly

dependent, there exists a nontrivial linear combination T."=0a¡S'X = 0. If r =

max{/: a: + 0} then S'X = L-^¿ b¡S'X, r < n, and an easy computation shows that

(S + BA)S'X = 0, i = 0,...,r, implies (S2 + BA)S'X = 0 for any integer i > 0.

Since p is clearly invariant under S, the corollary follows.

Remark 1.6. When Z g a, the orthogonal complement of g' = [g, g] in g, exptZ

is geodesic, and since a is abelian it follows from Remark 1.2 that

y/= a +{Ag g': (S2 + BA)S'X = 0, ; = 0.dimg'}

and hence

dim.// = dimn + dim{ X g g': (S2 + BA)S¡X = 0, i = 0,... ,dim g'}

Note that in this case, B = (adz)*, S is the skew-symmetric part of adz, and

S2 + BA is a symmetric and positive semidefinite operator on g', such that

-<(S2 + BA)X, A) = K(X, Z).

2. Visibility and rank one. In this section we assume G is a solvable and simply

connected Lie group with a left invariant metric ( , ) of sectional curvature K < 0

and Lie algebra g = g' ffi Rex, ex a unit vector in g'-1, the orthogonal complement

of q' in g. z will denote the center of g' (z ¥= 0 since g' is nilpotent) and

D = 2(ade  + ad*) the symmetric part of ade | fl, with respect to the metric ( , ).

Proposition 2.1. D is positive semidefinite; that is (DA, A) ^ 0 (or < 0) for any

Xin g'

Proof. We observe first that for Z, A in q'(U(Z, A), ex) = -2(DZ, A>, then

(*)    ¡A A Z[2A:(A,Z) = ¿|i/(Z, A)|,,7|24- (DZ,X)2- (DZ,Z)(DX,X).

Now we will show that if (DZ, Z) = 0 for all Z g z then g' is abelian and hence

D | fl/ = 0. In fact, under this assumption, by (*) (ad X)*Z \ fl, = 0 for Z in z and X

in a' since K ^ 0. Hence <Z, [A, F]> = 0 for all Z ^ z, X, Y in g' and

consequently [g', a'] is orthogonal to z in g'; if [g', g'] ^ 0 we get a contradiction

from the fact that z n [g\ g'] ¥= 0.
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If there exists Z in z such that (DZ, Z) > 0 (or < 0) then (DZ, Z)(DX, X)

t> j|ad^Z|2 + (DZ, A>2 > 0 (see (*)) implies (DX, X) ^ 0 (or < 0) for any A in

g', finishing the proof.

In [4, Theorem 2.3] we showed that the visibility axiom is equivalent to D being

positive definite on z, but actually we can say more.

Theorem 2.2. If G satisfies visibility then D is definite on g'.

Proof. We assume g = g' 4- Rex with ex a unit vector in g'x such that D is

positive semidefinite.

For e > 0 let ( gf, ( , » be the Lie algebra with an inner product which is the same

as the one in g and Lie bracket [, ]f defined by

[X,Y]e = e[X,Y],    [ex,X]e=[ex,X]    for all A, Y in g'.

We observe that g'E = g'; D and S, the symmetric and skew-symmetric part of

adt. | «, respectively, coincide with De and Se, the symmetric and skew-symmetric

part of ade | , respectively.

If Kf denotes the sectional curvature in (gF, ( , )) a straightforward computation

shows

Kr(X,Y) = e2K(X,Y)+(l - e2)[(DX,Y)2 - (DX, X)(DY, Y)],

KeiX,ex)= -((D2 +[D,S])X,X)    for any X, Y in g'.

Let {(?,, e2.en} be an orthonormal basis for g. The structure constants aiJkie)

defined by [e¡,e¡]e = lZ"k = xajjk(e)ek tend to well-defined limits as e -* 0. Thus we

obtain a limit algebra g0 whose g ó is abelian and with prescribed metric ( , ). It

follows by continuity that K0, the sectional curvature associated to g0, is nonposi-

tive. In fact, if A", y g g',

K0(X,Y) = lim KF(X,Y)= (DX,Y)2 - (DX,X)(DY,Y) < 0
f->o

since D is positive semidefinite on g', and

K0(X,ex) =  lim Ke(X,ex) = K(X,ex) «: 0.
f —>o

Take an arbitrary two-dimensional subspace Yl = [aX + ßex,Y) of g, where X

and Y are orthonormal vectors of g' and a2 + ß2 = 1. One computes

K0(aX + ßex, Y) = a2K0(X, Y) + ß2K0(ex, Y) - 2aß(R0(X, Y)ex, Y).

Since 80 1S abelian, (R0(X, Y)ex, Y) = 0 and consequently K0 < 0.

By hypothesis G satisfies visibility. Then [4, Theorem 2.3] ensures that adei | g> has

all eigenvalues with nonzero real parts. From adfo| , = ade |fl< (g„ = q') it follows

also by [4, Theorem 2.3] that (g0, ( , )) satisfies visibility and hence (again [4,

Theorem 2.3]) D0 is definite on g0 = g' since g ó is abelian; this implies D is

definite on g' (D0 = lime^0De = D).

Corollary 2.3. Let G be a solvable Lie group with a left invariant metric of K < 0.

G satisfies visibility if and only if g/J" = Re,, ex a unit vector and D, the symmetric

part of adt, | B< is definite on g'. (Compare with [4, Theorem 2.3].)
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The following theorems gives us a relation between visibility axiom and rank one.

Theorem 2.4. (i) // G has rank one and g ' has codimension one in g then G satisfies

visibility, (ii) // g' is abelian and G satisfies visibility then G has rank one.

Proof, (i) Assume the visibility axiom fails in G. Since [G,G], the connected Lie

subgroup of G, with Lie algebra g' has codimension one in G it follows from [4,

Theorem 3.1] that G is isometric to a Riemannian product Rk X T with k > 0 and T

satisfying visibility; hence G has rank at least two.

(ii) If G satisfies visibility then g = g' 4- Re, where e, is a unit vector in g,_L

such that D is positive definite (Corollary 2.3). We observe that there exists a unit

vector X in g' such that KiX,ex) < 0. In fact, if that fails, the Ricci curvature in

the e, direction is zero; hence ade is skew-symmetric and D = 0 (see [8, Lemma

2.3]) contradicting visibility. We next show that ^( A", Z) < 0 for all Z g g inde-

pendent of X. In fact, for all Y orthonormal with X in a', KiX, Y) = (DX, Y)2 -

(DA, X)(DY,Y) < 0 (D is positive definite). Then, since g' is abelian

(1 + ß2)KiX, Y+ ßex)= K(X,Y) + ß2K(X,ex)<0.
Therefore, there is no parallel Jacobi field J orthogonal on the geodesic y in G

such that y(0) = e, y'(0) = X (in this case K( X, J(0)) = 0); consequently dim Jyp = 1

and G has rank one.

Corollary. 2.5. // g' is abelian and it has codimension one in g then visibility,

rank one and without de Rham flat factor are equivalent in G.

Proof. That visibility and rank one are equivalent is immediate from Theorem

2.4. If G has rank one it is clear that G is without flat factor in the de Rham

decomposition, and if rank one (or visibility) fails in G then by [4, Theorem 3.1] G

admits de Rham flat factor.

Theorem 2.6. Let G be a solvable Lie group with a left invariant metric of sectional

curvature K < 0. // dim G < 4 and G satisfies visibility then rank(G) = 1.

Proof. We may assume that dim G = 4 and g' is nonabelian, since otherwise g'

is abelian and the result follows from Theorem 2.4.

Let g = g' 4- Re, with g' nonabelian and e, a unit vector in Qr± such that D is

positive definite. Hence dim g' = 3 and z = Re2 with e2 a unit vector in g'. Since

det(adt, | a«) =7 0 (otherwise visibility fails), ade (z x) is a two-dimensional subspace

of g' such that ade(zJ-)nz^0. Then there exists an orthonormal basis of g',

(e2,e3,e4}, such that

[ex,e2] = ae2,    [ex, e3] = ae3 + ße4,    [ex,eA] = be2 + ye3 + 8e4.

(*) with a > 0, a > 0, S > 0. We will show next that dimJep = 1 and consequently

G has rank one. We remark first that in general, under the visibility assumption

there is no A * 0 in g' such that (S2 + BA)X = 0 and SX = 0. In fact, these

conditions together imply |^A|2 = (BAX, X) = 0 and DA = [e,, A] = 0 which

contradicts visibility. As a consequence, since (X, SX) = 0 it follows, from Remark

1.6, that Jf± being S-invariant cannot be one dimensional. (Jf± denotes the space of

all parallel Jacobi fields which are orthogonal on exprej.)
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Let A, B and S be the matrices for ade |g. ad* |fl, and the skew-symmetric part of

ad£, |fl-, respectively with respect to the basis {e2,e3,e4}. Then

A =

0
a

ß

B

0
a

y
ß-y

b
2

y-_ß
2

0

and

S1 + BA =

4- a' -(ß-y)

(ß-y)     a2 + ß'
(ß-yf

ab

ay 4- ß8

ab ay + ßS -b2 + y2 + 8:
(ß-y)2

Observe that since the first row of S2 + BA is nonzero, rank(52 4- BA)^- 1.

If rank(52 4- BA) = 1, it is obvious that b =£ 0 (compare columns 1 and 2 of

S2 + BA). It follows that:

(i) The column space of S2 + BA is spanned by

X= (-b2/4 + a2,b(ß- y)/4, ab).
>

(ii) ker(52 + BA) has dimension two and since S2 + BA is symmetric the spaces

RX and ker^2 + BA) are orthogonal complements.

(iii) 5 has rank four and ker S is spanned by Y = (ß — y, b, 0).

Since Jfi is isomorphic to a subspace of ker(52 4- BA) and cannot have dimen-

sion one, then Jf±= 0 or Jf±= ker(52 4- BA). In the last case, ker(52 4- BA) is

■S-invariant (Jf± is S-invariant) and consequently S'A" is a multiple of A. Hence,

SX = 0 (S is skew-symmetric) and A is a multiple of Y, which is impossible since

ab =7 0. Therefore Jf± = 0 and rank(G) = 1.

If rank(S2 4- BA) = 2 or 3 then ker(,S2 + BA) has dimension zero or one and

from the remark above Jfi has dimension zero. Hence, Jf has dimension one and

rank(G)= 1.

Corollary 2.7. Let H = G/T be a homogeneous space with a G-invariant metric

of nonpositive curvature. If dim H ^ 4 and H admits a G-invariant metric with

negative curvature then H has rank one.

Proof. It is immediate from [4, Theorem 2.1] after recalling that H is isometric to

a solvable Lie group with a left invariant metric of nonpositive curvature.

Remark 2.8. Example 3.3 in §3 provides an example of a Lie group G of

dimension > 4 with a left invariant metric of nonpositive curvature such that G

does not satisfy visibility and rank(G) = 1.
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3. Examples. In this section we provide some examples of Lie algebras with

metrics of nonpositive curvature and their respective ranks. In particular in Example

3.3 we exhibit a family of rank one homogeneous manifolds H not satisfying

visibility. Moreover H is irreducible and not symmetric.

Let g be a Lie algebra with an inner product ( , ) such that a, the orthogonal

complement of g ' in g with respect to ( , > is abelian. If DH, SH denote the

symmetric and skew-symmetric part of adw|fl. with H in a, it is an easy computa-

tion, using the connection formula, to show that VHX = SHX, VXH = -DHX,

V„K= 0 for A G g', H, K G a.

The following lemma is very useful.

Lemma 3.1. // g' is abelian and ad/^. is symmetric with respect to ( , ) for all

H g a, then g has sectional curvature K < 0 if and only if K(X,Y) < 0 for all X, Y

in g'.

Proof. We observe that v„ = 0, vXH = -[H, X] g g', vXY g a for all A",

y g g ', //g a. Then, one computes for A, Y g g ', H, J g n

R(X+ H,Y + J)= [VX+H,VY+J] - V[X+1LY+J]

=  [VX,VY\ — ^[X.J] — V[ffjy],

(R(X + H,Y + J)(Y + J), X + H) = ([VX,VY]Y, X) + ([vx,VY]J,H)

- <V,^,y H) - (VIXJ]J, X) - <Vr„,r]7, H) - (V{H,Y]J, X).

But

([VX,VY]Y,X) = (R(X,Y)Y,X),

([VX,VY]J,H) = -(VYJ,VXH) + (VXJ,VYH)

= -([j,Y],[H,X]) + ([J,X],[H,Y])

= ([ady,ad//]y,A> = 0

since n is abelian, and

-<v^.y]y, H) - (v[XJ]J, x) - (v(//,r]y H) - (V[H,Y]J, X)

= -(Y,[H,[X,J]]) + ([j,[X,J]],X)

-(Y,[H,[H,Y]]) + ([J,[H,Y]],X)

= 2([H,Y],[J,X]) - ([J,X],[J,X]) - ([H,Y],[H,Y])

= -\[H,Y]-[J,X]\2.

Then

(R(X+ H,Y + J)(Y + J),X+ H) = (R(X,Y)Y,X) -\[H,Y] -[J, X]\2

and consequently the lemma follows.

Remark 3.2. If {adw|fl.: H g a} are symmetric and there exists an orthonormal

basis {Hx,_Hk) of a such that ad;/ is semidefinite, then^Lemma 3.1 provides

examples of Lie algebras g of sectional curvature K < 0. In fact, let D, denote DH,

i = 1,.... k. Then, since for X, Y in g'

k k

U(X,Y)=  £ (U( X, y), //,>//, = -2 £ (D,X, Y)H„
,=i /=i
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it follows from the curvature formula that for X, y orthonormal in g'

K(X,Y)= \\U(X,Y)\2 - \(U(X,X),U(Y,Y))

k

= £ «d,x, y>2 - (D,A, A>(D,y y>) ^ 0.
1 = 1

Example 3.3. Let g be the Lie algebra generated by [ex,...,en,en+x,...,en+k),

n > k > 2, and Lie bracket

[e,,ej] = 0,        i,/ = l,...,n,

[e„ + i,e„+J] = 0,        i,j = l,...,k,

[e„ + i>ej] = alej'        i=l,...,k, j = l,...,n,

where  a\ ^ 0 are chosen such that det(aj) =7 0,  i,   j = 1,..., k, and for each

j = k + 1,..., n,  the vector (a{,...,a{) is  nonzero;  hence   g'  is spanned by

{e,,...,e„}. Let ( , ) be the inner product on g such that (e¡,ef) = 8¡j, i, j =

1,..., n + k. If H G o, H = Y.k=x(H, e„+J); one computes

l  k \ I        k \
ad„(e,) =     £ (//,e„+><  e,=    H, £ ajen+y  e,,

W-i /      \    y-i       /
Then   ad„(e,) = À,(//)e,   with   X^H)= (H,H¡)   and   H¡ = Lk=xa,Je„+J,   i =

1./<. Consequently {ad,^,: // g a} are symmetric with respect to the metric

( , >, {ad,,    |fl,: j = 1,..., k) are positive semidefinite and from Remark 3.2 g has

sectional curvature K < 0.

We observe that since {H¡}k=x are independent, \¡(H) = 0 for all /' = 1,..., k

implies H = 0. Hence if A = Y."=xaiej is a unit vector in g' with a, # 0 for all

/ = 1,..., n, then from the curvature formulas given in Lemma 3.1 and Remark 3.2,

\H\2K(X,H)= -\[H, X]\2 = -£ af\¡(H)2<0    for all //g a,
í = i

AT( A, F) < 0 for all Y g g' independent of A, and up to a positive constant,

K(A, y+ //) =|AA y|2A:(A, y) +|//|2ä:(A, Y) < O    for all //g a.

Therefore, the only parallel Jacobi field on the geodesic y in G with y(0) = e,

y'(0) = A is y', and consequently rank(G) = 1, where G is the simply connected Lie

group associated to (g,( , ». Moreover, since dim a > 2, G does not satisfy

visibility, it is irreducible and it is not symmetric since there are planes with zero

curvature.

Example 3.4. Let g be a nonabelian Lie algebra of dimension n such that g' is

one dimensional and let ( , ) be an inner product in g. If a, the orthogonal

complement of g' is abelian then the associated Lie group G to (g,( , )) has

sectional curvature K < 0 and rank(G) = n — 1.

Set g' = Re, with ex a unit vector and let (e2,..., e„} be an orthonormal basis

for a. Then the Lie bracket in g is given by

[e,,ey] = 0,        i,f = 2.n,

[e¡,ex] = a¡ex,       i = 2,...,n.
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Therefore, if H = Z^2(//,e,)e, then ad^ej = X(H)ex where A(//) = (H,H0)

and //0 = L"=2a;e, is a nonzero vector in n. From the curvature formula given in

Lemma 3.1, up to a positive constant, K(aex + H,ßex + J) = -\ß\(H) - a\(J)\2

< 0 for all H, J G a,a,/9eR.

In order to compute rank(G), we will prove that G is isometric to R""2 X H2. We

compute v„ex = 0, VeH0 = -X(HQ)ex, Veex = H0, VHH0 = 0; consequently h,

the Lie algebra generated by (ex, H0), and f) -1 are totally geodesic ideals of g such

that [b, ti AJ = 0. Then, since b x is abelian, applying Lemma 4.1 (see §4) G is

isometric to the riemannian product of R"~2 and H2, where H2 with the induced

metric has sectional curvature K = K(ex, H0) = -\H0\2. Hence rank(G) = n — 1.

4. Homogeneous spaces of K ^ 0 and dimension  sg 4.

Lemma 4.1. Let G be a simply connected Lie group with a left invariant metric and

Lie algebra g = t 4- f, the orthogonal direct sum of an ideal t and a subalgebra ï of g

such that ad v|, is skew-symmetric for all X g f. //T and K denote the connected Lie

subgroups of G with Lie algebras t and f, respectively, and left invariant metrics

induced by the metric of G, then G is isometric (isomorphic as Lie group) to the

Riemannian product T Xa K, the semidirect product of T and K (the action of K on T

is given by ok(t) = ktk~l).

Observe that in the case g is the direct sum of ideas t and f, G is the direct

product TK.

Proof. Since adx: t -* t is skew-symmetric for any Xef, Ad(k) = (dok)e are

isometries and K acts on T by isometries. By [3, Proposition 1] the product metric

on T x0 K is left invariant. Let /: T X„K -> G defined by (t, k) -> t ■ k. It is

known (see [9, Chapter 3]) that / is an isomorphism of Lie groups. It is also an

isometry since df{e e)(T X0/v~)=t4-f->g preserves the inner product and both of

the metrics in T Xa K and G are left invariant.

Observe that if [t, f] = 0 then tk = kt for all t g T, k g K and the last assertion

follows.

Theorem 4.2. Let G be a solvable and simply connected Lie group with a nonflat left

invariant metric of K < 0 and dim G < 4. Then, either rank(G) = 1 or G is one of the

following riemannian products: G = R X T where T is a two- or three-dimensional Lie

group satisfying visibility and rank(G) = 2,

G = R2 X T2, rank(G) = 3,

G = H2 X T2, rank(G) = 2,

where H2,  T2 are two-dimensional spaces of constant curvature K < 0. Moreover,

when rank(G) is one, we have that if dim G = 3 rank one and visibility are equivalent

and if dim G = 4, G satisfies visibility or not depending on whether dim a'± = 1 or 2.

Proof. Let g = g' 4- q, a the orthogonal complement of g' with respect to the

metric ( , ). We consider the following cases:

(1) dim a = 1. Either G satisfies visibility and hence rank(G) = 1 (see Theorem

2.6) or visibility fails in G and by [4, Theorem 3.1] G is isometric to R X T, R2 X T

where F is a Lie group with a left invariant metric satisfying visibility (hence
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rank T = 1). In case dim T = 2, F is a two-dimensional space of constant curvature

K < 0.

(2) dim a = 2 or 3. If dim g' = 1, this situation was studied in Example 3.4 of §3.

Then G = R X H2 or R2 X H2, H2 is a space of constant negative curvature, and

rank(G) = 2 or 3, respectively.

Next we consider the case dim g' = 2 (dim a = 2).

The complexification of g', g" decomposes g" = g0£ + Ex^oSx where g" =

{A g g": (adw - X(H)l)k ■ X =0 for some k > 1 and for all H G a} is the

associated root space for the root X g ac* - {0} and g' = EajBg'a/8 where g'a/3 = g'

n(g^eg£)if \ = a + iß.
We observe that g0£ = 0; otherwise since 0 is a root of a', there exist X =7 0 in g'

such that [H, A] = 0 for all // in a implying that A g z(g), the center of g (g' is

abelian). This contradicts the fact that z(g) is orthogonal to g' when the metric has

K ^ 0.

(i) Assume there is a complex root X = a + iß. We remark first that if a(H) = 0

for some H g a, then adw|B- is skew-symmetric. In fact, since g'x' and Qx are one

dimensional and ad/rinvariant, adw|sl-,, ad^-c are skew-symmetric and it follows

from [1, Lemma 4.3 and Theorem 5.2] that Q\ and Q\ are orthogonal with respect

to the complex inner product induced by ( , >; therefore adw|B- is skew-symmetric

(g' = g'n(g'xf©g£)).

We may thus assume a =7 0; otherwise from the remark above adH|8- is skew-

symmetric for all H g a and consequently K = 0 (see [8, Theorem 1.5]). Let

a(H) = (H, H0) with H0 =7 0 in a and let Hx be orthogonal to H0 in a; then

a(Hx) = 0 and ad,,^. is skew-symmetric. Moreover, since det(ad/7 ) = a(H0)2 +

ß(H0)2 =7 0 then [H0, q'] = g'. Hence, setting t = g' 4- R//0, one has that t is a

totally geodesic ideal of g such that adw : t —» t is skew-symmetric and t' = [t, t] =

g'. It then follows from Lemma 4.1 that G is isometric to the riemannian product

T X R where T is the connected Lie subgroup of G with Lie algebra t. Furthermore

F, with the induced metric satisfies visibility since adw |t- = adw |fl, has all eigenval-

ues with real part a(H0) =7 0 (see [4, Theorem 2.3]).

(ii) Assume there is a unique real root X G a* — {0}. In this case adw — X(H)1 is

nilpotent for all H G a, and since dimg' = 2 it follows that for any A g g'

(ad„ - X(H)1)2X= 0 for all H g ct.

Yet X(H) = (H, //(,) with H0 =7 0 in a and let //, be orthogonal to H0 in a; we

will see that adw| . = 0. In fact, if Y=adH X¥=0 for some A in g' then

ad;/| Y = ad2,/, A =' 0. (by the choice of Hx). Since SHY = 0 (SHY = VHY = 0, see

Remark 1.2) the orthogonal complement of R Y in g' is ad;/ -invariant, and hence

0 = HX,X - (X, y>-
Y

Y\2
,y    =([HX,X],Y)=\Y\2

which is a contradiction.

Now, since g' = {Ag g': (ad//(i - X(H0)1)2 ■ A= 0}, adffo|H- has A(//()) > 0 as

unique eigenvalue; hence det(adw |q.) = X(HQ)2 > 0 and [H0, g'] = g'. Setting t =

g' 4- R//0, t is a totally geodesic ideal of g since ad„ |t = 0, and ad;/ |t, has all

eigenvalues X(H{)) > 0.
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Then, from Lemma 4.1 G is isometric to the riemannian product T X R where T,

the connected Lie subgroup of G with Lie algebra t and induced metric satisfies

visibility.

(iii) Assume there are two distinct real roots Xx, X2 in a* — {0}. Then g' is the

direct sum of q'k¡ and g^, where 8Á, = R^i, Q\2 = R<?2 with ex, e2 unit vectors in

g' such that

[H,ex] = Xx(H)ex,    [H,e2] = X2(H)e2    foralltfea.

Suppose A2 = cXx, c g R and XX(H) = (H, H0) with H0 =7 0 in a. If Hx is

orthogonal to H0 in a then ad„ |g, = 0 and in the same way as in case (ii) G is

isometric to R X T where F is a Lie subgroup of G satisfying visibility.

Now we suppose Xx and X2 are independent in a*. If H¡, i = 1,2, are chosen in

a such that \¡(H) = (H, //,.), i = 1,2, then [Hx, H2) are independent. Take H in

a such that (H, Hx) = 0. Since SHex = 0, the one-dimensional subspace of g'

orthogonal to e, is an eigenspace for ad/y and hence it coincides with Re2, implying

(ex,e2) = 0. Consequently {adw|fl<: H g q } are symmetric. One computes (see

Remark 3.2) K(ex,e2) = -(HX,H2) and hence K(X, Y) = -(HX,H2) for any

orthonormal vectors A, y in g'.

Assume (HX,H2) =7 0. Since for any unit vectors X in g' and H g a

K(X, H) = -\[H, X]\2 = -{Xx(H)2(X,ei)2 + X2(H)2(X,e2)2),

by choosing A in g' such that (A,e,> * 0, i = 1,2, one has K(X, H) < 0 for all

//go and KiX, Y) < 0 for all Y orthogonal to X in g'. Therefore if y is the

geodesic in G with y(0) = e, y'(0) = A then rank(y) = 1 and G has rank one. Since

dim a = 2, G does not satisfy visibility (see [4, Theorem 2.4]).

Now consider the case (HX,H2) = 0. Then (ex,e2,Hx,H2) is an orthogonal

basis for g such that [Hx,e2] = 0 = [H2,ex]. If t, denotes the Lie subalgebra of g

generated by {e,, //,-}, i = 1,2, t, and t2 are ideals totally geodesic in g([t,, t2] = 0),

such that g = t, 4- t2 is an orthogonal direct sum. Hence Lemma 4.1 implies that G

is isometric to the riemannian product Tx X T2 where T¡ is the connected Lie

subgroup of G with Lie algebra t¡ and the metric in Tt is the one induced by G.

Since K(ej, //,) = -\H¡\2 it follows that T¡ is a two-dimensional space of constant

curvature K < 0.

By examining all the cases and from the fact that in dimension < 3 visibility and

rank one are equivalent (Corollary 2.5) Theorem 4.2 follows.

Remark 4.3. The three-dimensional Lie groups G with left invariant metrics of

K < 0 satisfying visibility are determined by the nonunimodular Lie algebras g of

dimension three (see [8, §6]) given by an orthonormal basis {ex, e2, e3} such that

[e2,e3] = 0,    [ex,e2] = ae2 + ße^,    [ex, e3] = ye2 4- Se3,

with a, ß, y, 5 satisfying a > 8 > 0, ay + ßS = 0, 4aS > (ß + 8)2 and 4(y2 4- Ô2)

>(ß-y)2-

In fact, one computes K(e2,e3)=\(ß + y)2-a8, -K(ex,e2) = a2 + ß2-

kiß - y)2, -K(ex,e3) = y2 + 82 - \(ß - y)2. Therefore, since -K(ex,e2),

-K(ex,e3) are the eigenvalues of S2 + BA and AT(g') = AT(e2,e3) < 0, g has

K < 0; clearly g satisfies visibility by observing that D is positive definite.
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Corollary 4.4. Let H be a simply connected homogeneous space of nonpositive

curvature and dim H < 4. Then either rank(H) = 1 or H is one of the following

riemannian products:

H = R X T, Ta rank one homogeneous space satisfying visibility; rank(//) = 2,

H = R2 X F2, rank(//)= 3,

H = H2 X T2, rank(//) = 2, where T2, H2 are two-dimensional spaces of constant

negative curvature.

Moreover, if dim H = 3 then rank one, visibility and without de Rham flat factor

are equivalent. If dim H = 4 and H has no de Rham flat factor then either rank(//)

= 1 or H is the riemannian product of two 2-dimensional spaces of negative curvature

(in whose case H is a symmetric space).

Corollary 4.5. Let H be a simply connected homogeneous space of nonpositive

curvature. If H is irreducible then either H has rank one or dim H > 5.

Note that this bound for dim H is the best possible since SL(3,R)/SO(3) is an

irreducible symmetric space of rank two and dimension five.
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